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There are five questions in this booklet. Answer ALL FIVE questions.
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QUESTION ONE

2
() Evaluate lim| 2o *2X=%
x—eol 5x7 +8x—1

(b) Evaluate the definite integral:

(¢)  Given the quartic equation:
ax* +bx’ +ex’ +dx+e=0

with roots a, S, y, and 0.

(i)  Show that:

a+ﬁ+y+5:—g
ﬁy+ya+a,8+a5+ﬁ6+y6=§

Byd+yad +ofd+afy = d

a
(&

ofyd=—

a

(i1)) Now consider the equation:

x'=8x’+19x> + px+2=0

Given that there are two roots whose sum is equal to the sum of the other two roots,
find the exact value of p, and exact values for the roots.



QUESTION TWO

1 1
(a) If x*+— =7, find the exact value of x*+—.
X X

CcoSX )
on the domain 0 < x <27

+sinx

(b) Given f(x)= 5
(1)  Find the exact co-ordinates of the turning points of f(x).

(i1) Discuss the concavity of f(x), giving any point(s) of inflection in exact form.

(c¢) Inthe accompanying diagram, ABCD is a cyclic quadrilateral with:

AB=AD=a
BC=DC=b
/BAD =460

a l+cos@

(i) Prove that —=—
sin@
(i1)) Calculate the magnitude of & if:

b=-L

V3




QUESTION THREE

xX*+ax+b x<0

(a) Giventhat f(x)= e rsine x>0

and /"'(0) exists, find the values of a and b.

(b) y=f(x)is a smooth curve over the interval [-2,2] that passes through the point (\/5 ,—\/E )

Given that the normal to the curve, at any point on the curve, passes through the origin, find the
equation of the curve.

(c) The rates of increase of the length and width of a rectangle are 2 cm s, and 3 cm s’ respectively.

Find the rate of change of its diagonal when the rectangle has length 12 cm and width 9 cm.

(d) Find the point(s) on the parabola x = )” that is (are) the shortest distance from the point P (1,0)

(You must show that your result(s) give the minimum distance.)

y
3

x=)2
2
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QUESTION FOUR

(a) Given two functions, f(x) and g(x), use first principles to prove:

e dg(x)

d
a(f(x)-g(x)): & (x)+f(x)'7

(b) The product rule, which you were asked to prove in part (a) above, leads to a very useful integration
formula.

(f-g)=/"g+fg implies f-g=[(f" g)dx+[(f g)dx
which can be arranged as J(f’-g)dxz f~g—_[(f-g’)dx

Using this result:

(i) Find [(ecosx)dx

(i1) Find, in exact form, the area between the curve y =e " cos(x) and the x-axis,
where 0 <x <27.

(c) y=f(x)is defined implicitly by the following: xy + e’ = 2x + 1.

2
Evaluate jx_); atx=0.



QUESTION FIVE

(a)

(b)

(©)

(d)

Euler discovered a very useful formula shown below.

¢ =cos@+isinO

Use this formula, or otherwise, to show:

e1€ + 6710

. 0=
(i) cos 2

.. . 3. 1.
(i) sin’@==sin®——sin(36)
4 4
We saw in part (a) above that cosx + isinx can also be written as e'*.

It can be shown that J.(e“ e )dx — 'Leml)x
1+1

Find j(cosx -e")dx

Suppose z is a complex number, and ‘z‘ =1.

) i+z
Describe the locus of w, where w=——.
i—z

Solve the system of equations
X —yz=1
Y —zx=2
Z—xy=3
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