
NZ NCEA Scholarship Calculus 2018 

Worked Solutions 
These solutions give full working for the 2018 Scholarship Calculus examination. They are intended 
as teaching solutions rather than a marking schedule. 

Question One 

(a) 
Let 

𝑃 = (cos𝛼, sin𝛼),   𝑄 = (cos𝛽, sin𝛽) 

be points on the unit circle. Rotating both points through angle −𝛽 takes 𝑄 to 𝐴 = (1,0) and takes 𝑃 
to 

𝑅 = ൫cos(𝛼 − 𝛽), sin(𝛼 − 𝛽)൯. 

A rotation preserves distance, so 𝑃𝑄 = 𝑅𝐴. 

Now 

𝑃𝑄ଶ = (cos𝛼 − cos𝛽)ଶ + (sin𝛼 − sin𝛽)ଶ 

cosଶ𝛼 + sinଶ𝛼 + cosଶ𝛽 + sinଶ𝛽 

−2(cos𝛼cos𝛽 + sin𝛼sin𝛽) 

2 − 2(cos𝛼cos𝛽 + sin𝛼sin𝛽). 

Also, 

𝑅𝐴ଶ = (cos(𝛼 − 𝛽) − 1)ଶ + sinଶ(𝛼 − 𝛽) 

2 − 2cos(𝛼 − 𝛽). 

Since 𝑃𝑄ଶ = 𝑅𝐴ଶ, 

2 − 2(cos𝛼cos𝛽 + sin𝛼sin𝛽) = 2 − 2cos(𝛼 − 𝛽). 

Therefore, 

cos(𝛼 − 𝛽) = cos𝛼cos𝛽 + sin𝛼sin𝛽.  

(b) 
Let the radius of the circle be 𝑅, and let 𝑂𝐴 = 𝑎, where 0 < 𝑎 < 𝑅. Write 

𝜃 = ∠𝐴𝑂𝑃,   𝜙 = ∠𝐴𝑃𝑂. 

By the sine rule in triangle 𝐴𝑂𝑃, 

sin𝜙

𝑎
=

sin∠𝑂𝐴𝑃

𝑅
. 

Hence 

sin𝜙 =
𝑎

𝑅
sin∠𝑂𝐴𝑃. 



Since 𝑎/𝑅 is fixed, 𝜙 is maximised when sin∠𝑂𝐴𝑃 is maximised. Its maximum value is 1, occurring 
when 

∠𝑂𝐴𝑃 = 90∘. 

Thus 𝐴𝑃 must be perpendicular to 𝐴𝑂. 

Equivalently, draw the line through 𝐴 perpendicular to 𝑂𝐴; its two intersections with the 
circumference give the two possible positions of 𝑃. 

𝑃 is located so that 𝐴𝑃 ⊥ 𝐴𝑂.  

(c) 
Begin with the left-hand side: 

cos𝜃

1 + sin𝜃
−

sin𝜃

1 + cos𝜃
=

cos𝜃(1 + cos𝜃) − sin𝜃(1 + sin𝜃)

(1 + sin𝜃)(1 + cos𝜃)
 

cos𝜃 − sin𝜃 + cosଶ𝜃 − sinଶ𝜃

(1 + sin𝜃)(1 + cos𝜃)
 

(cos𝜃 − sin𝜃)(1 + sin𝜃 + cos𝜃)

(1 + sin𝜃)(1 + cos𝜃)
. 

Also, 

(1 + sin𝜃)(1 + cos𝜃) = 1 + sin𝜃 + cos𝜃 + sin𝜃cos𝜃, 

1

2
(1 + sin𝜃 + cos𝜃)ଶ =

1

2
(1 + sinଶ𝜃 + cosଶ𝜃 + 2sin𝜃 + 2cos𝜃 + 2sin𝜃cos𝜃) 

1 + sin𝜃 + cos𝜃 + sin𝜃cos𝜃. 

Therefore, 

(1 + sin𝜃)(1 + cos𝜃) =
1

2
(1 + sin𝜃 + cos𝜃)ଶ. 

Substituting this into the earlier expression gives 

cos𝜃

1 + sin𝜃
−

sin𝜃

1 + cos𝜃
=

2(cos𝜃 − sin𝜃)

1 + sin𝜃 + cos𝜃
. 

Question Two 

(a)(i) 
The function is 

𝑓(𝑥) =
2𝑥ଶ − 1

(3𝑥 + 2)(5𝑥 − 3)
−

2 − 3𝑥

𝑥ଶ − 5𝑥 + 3
. 

It is discontinuous wherever any denominator is zero. 

From 

(3𝑥 + 2)(5𝑥 − 3) = 0, 

we obtain 



𝑥 = −
2

3
,   𝑥 =

3

5
. 

Also, 

𝑥ଶ − 5𝑥 + 3 = 0 

gives 

𝑥 =
5 ± √25 − 12

2
=

5 ± √13

2
. 

Thus the discontinuities occur at 

𝑥 = −
2

3
, 

3

5
,  

5 − √13

2
, 

5 + √13

2
.  

(a)(ii) 
None of the denominators is zero at 𝑥 = 1 2⁄ , so direct substitution may be used: 

lim
௫→ଵ/ଶ

𝑓(𝑥) =
2(1/2)ଶ − 1

(3/2 + 2)(5/2 − 3)
−

2 − 3/2

(1/2)ଶ − 5/2 + 3
 

−1/2

(7/2)(−1/2)
−

1/2

3/4
 

2

7
−

2

3
 

−
8

21
. 

(b) 
For the curve 𝑥𝑦 = 2, implicit differentiation gives 

𝑥
𝑑𝑦

𝑑𝑥
+ 𝑦 = 0, 

so 

𝑚ଵ =
𝑑𝑦

𝑑𝑥
= −

𝑦

𝑥
. 

For the curve 𝑥ଶ − 𝑦ଶ = 1, 

2𝑥 − 2𝑦
𝑑𝑦

𝑑𝑥
= 0, 

so 

𝑚ଶ =
𝑑𝑦

𝑑𝑥
=

𝑥

𝑦
. 

At any point of intersection, neither 𝑥 nor 𝑦 is zero because 𝑥𝑦 = 2. Therefore, 

𝑚ଵ𝑚ଶ = ቀ−
𝑦

𝑥
ቁ ൬

𝑥

𝑦
൰ = −1. 



Hence the tangents are perpendicular at every point of intersection. 

𝑚ଵ𝑚ଶ = −1.  

(c) 
Let 𝑀 be the midpoint of 𝐵𝐶. Since 𝐴𝐵 = 𝐴𝐶 = 50 km and 𝐵𝐶 = 60 km, 

𝐵𝑀 = 𝐶𝑀 = 30 km. 

By Pythagoras, 

𝐴𝑀 = ඥ50ଶ − 30ଶ = 40 km. 

By symmetry, the optimal point 𝐷 lies on 𝐴𝑀. Let 

𝐴𝐷 = 𝑥. 

Then 

𝐷𝑀 = 40 − 𝑥, 

and 

𝐷𝐵 = 𝐷𝐶 = ඥ(40 − 𝑥)ଶ + 30ଶ. 

The total road length is 

𝐿(𝑥) = 𝑥 + 2ඥ(40 − 𝑥)ଶ + 900,   0 ≤ 𝑥 ≤ 40. 

Differentiate: 

𝐿′(𝑥) = 1 −
2(40 − 𝑥)

ඥ(40 − 𝑥)ଶ + 900
. 

At a stationary point, 

1 =
2(40 − 𝑥)

ඥ(40 − 𝑥)ଶ + 900
. 

Squaring, 

(40 − 𝑥)ଶ + 900 = 4(40 − 𝑥)ଶ, 

so 

3(40 − 𝑥)ଶ = 900. 

Since 40 − 𝑥 ≥ 0, 

40 − 𝑥 = 10√3, 

and therefore 

𝑥 = 40 − 10√3.  

Thus 𝐷 is 40 − 10√3 km from 𝐴 towards 𝐵𝐶, or 10√3 km from the midpoint of 𝐵𝐶. 

At this position, 



𝐷𝐵 = ට൫10√3൯
ଶ

+ 30ଶ = 20√3. 

Hence 

𝐿୫୧୬ = ൫40 − 10√3൯ + 2൫20√3൯ 

40 + 30√3 km . 

Finally, 

𝐿″(𝑥) =
1800

((40 − 𝑥)ଶ + 900)ଷ/ଶ
> 0, 

so the stationary point is indeed a minimum. 

Question Three 

(a)(i) 
Evaluate 

𝐼 = න (2𝑥 − 5)
ହ

଴

√2𝑥 + 5 𝑑𝑥. 

Use the substitution 

𝑢 = 2𝑥 + 5,   𝑑𝑢 = 2 𝑑𝑥,   𝑑𝑥 =
1

2
 𝑑𝑢. 

Also, 

2𝑥 − 5 = 𝑢 − 10. 

When 𝑥 = 0, 𝑢 = 5; when 𝑥 = 5, 𝑢 = 15. Therefore, 

𝐼 =
1

2
න (𝑢 − 10)

ଵହ

ହ

𝑢ଵ/ଶ 𝑑𝑢 

1

2
න ൫𝑢ଷ/ଶ − 10𝑢ଵ/ଶ൯

ଵହ

ହ

𝑑𝑢 

1

2
൤
2

5
𝑢ହ/ଶ −

20

3
𝑢ଷ/ଶ൨

ହ

ଵହ

 

൤
1

5
𝑢ହ/ଶ −

10

3
𝑢ଷ/ଶ൨

ହ

ଵହ

 

−5√15 +
35

3
√5. 

Thus 

𝐼 =
35√5

3
− 5√15.  



(a)(ii) 
The second integral is 

න (2𝑥 + 5)
ହ

଴

√2𝑥 − 5 𝑑𝑥. 

For 0 ≤ 𝑥 < 5 2⁄ , we have 2𝑥 − 5 < 0, so √2𝑥 − 5 is not real. Therefore the integrand is not a real-
valued function throughout the stated interval. 

The real substitution method used in part (i) cannot be applied to evaluate this as an ordinary real 
definite integral over [0,5]. 

(b) 
It is simplest to use proportions rather than percentages, so take 0 ≤ 𝑥 ≤ 1. The Lorenz curve is 

𝑦 =
𝐵 − 1

𝐵
𝑥ଶ +

1

𝐵
𝑥. 

The equality diagonal is 𝑦 = 𝑥. The vertical difference between the diagonal and the Lorenz curve is 

𝑥 − 𝑦 = 𝑥 − ൬
𝐵 − 1

𝐵
𝑥ଶ +

1

𝐵
𝑥൰ 

𝐵 − 1

𝐵
𝑥(1 − 𝑥). 

The area between the curves is therefore 

𝐴 = න
𝐵 − 1

𝐵

ଵ

଴

𝑥(1 − 𝑥) 𝑑𝑥 

𝐵 − 1

𝐵
ቈ
𝑥ଶ

2
−

𝑥ଷ

3
቉

଴

ଵ

 

𝐵 − 1

6𝐵
. 

The area beneath the equality diagonal is 

න 𝑥
ଵ

଴

 𝑑𝑥 =
1

2
. 

Hence the coefficient of inequality is 

𝐴

1/2
=

𝐵 − 1

3𝐵
. 

We are told that this is 20/63, so 

𝐵 − 1

3𝐵
=

20

63
. 

Thus 

63(𝐵 − 1) = 60𝐵, 

so 



3𝐵 = 63 

and therefore 

𝐵 = 21.  

(c) 
The cross-sectional area of the cylindrical tank is 

𝐴் = 𝜋 ൬
𝐷

2
൰

ଶ

=
𝜋𝐷ଶ

4
. 

The cross-sectional area of the spout is 

𝐴ௌ = 𝜋 ൬
𝑑

2
൰

ଶ

=
𝜋𝑑ଶ

4
. 

The volume flow rate out of the tank is 

𝐴ௌ𝑣 = 𝐴ௌඥ2𝑔ℎ. 

Since the tank volume is 𝐴்ℎ, 

𝐴்

𝑑ℎ

𝑑𝑡
= −𝐴ௌඥ2𝑔ℎ. 

Therefore, 

𝑑ℎ

𝑑𝑡
= −

𝑑ଶ

𝐷ଶ ඥ2𝑔ℎ. 

Rearranging, 

𝑑𝑡 = − ൬
𝐷

𝑑
൰

ଶ 𝑑ℎ

ඥ2𝑔ℎ
. 

If the water level falls from ℎଵ to ℎଶ, the elapsed time is 

𝑇 = − ൬
𝐷

𝑑
൰

ଶ 1

ඥ2𝑔
න ℎିଵ/ଶ

௛మ

௛భ

 𝑑ℎ 

− ൬
𝐷

𝑑
൰

ଶ 1

ඥ2𝑔
ൣ2√ℎ൧

௛భ

௛మ
 

൬
𝐷

𝑑
൰

ଶ

ඨ
2

𝑔
൫ඥℎଵ − ඥℎଶ൯. 

Hence 

𝑇 = ൬
𝐷

𝑑
൰

ଶ

ඨ
2

𝑔
൫ඥℎଵ − ඥℎଶ൯.  



Question Four 

(a) 
The logarithms require 

𝑥 > 0 

and 

4 − 2𝑥 > 0, 

so the domain is 

0 < 𝑥 < 2. 

Within this domain, 

logଷ(4 − 2𝑥) + logଷ𝑥 = logଷ൫𝑥(4 − 2𝑥)൯. 

Since the base 3 is greater than 1, 

logଷ൫𝑥(4 − 2𝑥)൯ ≤ 2 

is equivalent to 

𝑥(4 − 2𝑥) ≤ 9. 

But 

𝑥(4 − 2𝑥) = 4𝑥 − 2𝑥ଶ = 2 − 2(𝑥 − 1)ଶ ≤ 2 < 9. 

Thus the inequality is true for every 𝑥 in the domain. 

0 < 𝑥 < 2.  

(b) 
Complete the square for the first circle: 

𝑥ଶ + 𝑦ଶ − 16𝑥 − 20𝑦 + 115 = 0, 

so 

(𝑥 − 8)ଶ + (𝑦 − 10)ଶ = 49. 

Its centre and radius are 

𝐶ଵ = (8,10),  𝑟ଵ = 7. 

For the second circle, 

𝑥ଶ + 𝑦ଶ + 8𝑥 − 10𝑦 + 5 = 0, 

so 

(𝑥 + 4)ଶ + (𝑦 − 5)ଶ = 36. 

Its centre and radius are 

𝐶ଶ = (−4,5),  𝑟ଶ = 6. 

The distance between the centres is 



𝐶ଵ𝐶ଶ = ඥ(8 + 4)ଶ + (10 − 5)ଶ = ඥ12ଶ + 5ଶ = 13. 

Since 

𝐶ଵ𝐶ଶ = 𝑟ଵ + 𝑟ଶ = 7 + 6, 

the circles are externally tangent. 

The point of tangency lies on the line joining the centres, at distance 7 from 𝐶ଵ. Thus 

𝑇 = 𝐶ଵ +
7

13
(𝐶ଶ − 𝐶ଵ) 

(8,10) +
7

13
(−12, −5) 

൬
20

13
,
95

13
൰. 

Therefore the circles are tangent at 

൬
20

13
,
95

13
൰ .  

(c) 
Let 

𝑠 = 𝑥 + 𝑦,   𝑝 = 𝑥𝑦. 

Since 

𝑥ଶ + 𝑦ଶ = 𝑠ଶ − 2𝑝, 

the first equation becomes 

𝑠ଶ − 2𝑝 + 3𝑠 = 8. 

The second equation gives 

𝑝 + 4𝑠 = 2, 

so 

𝑝 = 2 − 4𝑠. 

Substitution gives 

𝑠ଶ − 2(2 − 4𝑠) + 3𝑠 = 8, 

hence 

𝑠ଶ + 11𝑠 − 12 = 0. 

Therefore, 

(𝑠 − 1)(𝑠 + 12) = 0, 

so 

𝑠 = 1 or 𝑠 = −12. 

If 𝑠 = 1, then 



𝑝 = 2 − 4 = −2. 

Thus 𝑥 and 𝑦 are the roots of 

𝑡ଶ − 𝑡 − 2 = 0, 

so 

𝑡 = 2 or 𝑡 = −1. 

This gives 

(𝑥, 𝑦) = (2, −1), (−1,2). 

If 𝑠 = −12, then 

𝑝 = 2 + 48 = 50. 

Now 𝑥 and 𝑦 are the roots of 

𝑡ଶ + 12𝑡 + 50 = 0. 

Hence 

𝑡 =
−12 ± √144 − 200

2
= −6 ± 𝑖√14. 

Thus the complex solutions are the two orders of these conjugate roots. 

The complete set of ordered pairs is 

(2, −1),  (−1,2), ൫−6 + 𝑖√14, −6 − 𝑖√14൯, ൫−6 − 𝑖√14, −6 + 𝑖√14൯.  

Question Five 

(a) 
We are given 

𝑧 − 1 = (𝑎 + 𝑖𝑏)ିଵ + (𝑎 + 𝑖𝑐)ିଵ. 

Now 

1

𝑎 + 𝑖𝑏
=

𝑎 − 𝑖𝑏

𝑎ଶ + 𝑏ଶ
 

and 

1

𝑎 + 𝑖𝑐
=

𝑎 − 𝑖𝑐

𝑎ଶ + 𝑐ଶ
. 

Therefore, 

𝑧 = 1 +
𝑎 − 𝑖𝑏

𝑎ଶ + 𝑏ଶ
+

𝑎 − 𝑖𝑐

𝑎ଶ + 𝑐ଶ
. 

The real part is 

Re(𝑧) = 1 +
𝑎

𝑎ଶ + 𝑏ଶ
+

𝑎

𝑎ଶ + 𝑐ଶ
.  



(b)(i) 
Let the semi-vertical angle of the cone be 𝛼. For any sphere touching both sides of the cone, its 
radius is the perpendicular distance from its centre to either side. If its centre is a distance 𝑠 from the 
vertex along the axis, then 

𝑟 = 𝑠sin𝛼. 

For the first ball-bearing, 

20 = 120sin𝛼, 

so 

sin𝛼 =
1

6
. 

Let the first and second centres be distances 𝑠ଵ and 𝑠ଶ from the vertex. Since the balls touch one 
another, 

𝑠ଵ − 𝑠ଶ = 𝑟ଵ + 𝑟ଶ. 

But 

𝑟ଵ = 𝑠ଵsin𝛼,  𝑟ଶ = 𝑠ଶsin𝛼. 

Thus 

𝑠ଵ − 𝑠ଶ = (𝑠ଵ + 𝑠ଶ)sin𝛼. 

Using sin𝛼 = 1/6, 

6𝑠ଵ − 6𝑠ଶ = 𝑠ଵ + 𝑠ଶ, 

so 

5𝑠ଵ = 7𝑠ଶ. 

Therefore, 

𝑠ଶ

𝑠ଵ
=

5

7
. 

Since radius is proportional to distance from the vertex, 

𝑟ଶ

𝑟ଵ
=

5

7
. 

Hence 

𝑟ଶ = 20 ൬
5

7
൰ =

100

7
 mm.  

(b)(ii) 
The radii form a geometric sequence with first term 20 and common ratio 5/7. Therefore, 

𝑟௡ = 20 ൬
5

7
൰

௡ିଵ

 mm.  



(b)(iii) 
The volume of the 𝑛th ball-bearing is 

𝑉௡ =
4

3
𝜋𝑟௡

ଷ. 

Therefore, 

𝑉௡ =
4

3
𝜋 ቈ20 ൬

5

7
൰

௡ିଵ

቉

ଷ

 

32000𝜋

3
൬

125

343
൰

௡ିଵ

. 

Thus the volumes form an infinite geometric series with first term 32000𝜋/3 and common ratio 
125/343. 

The total volume is 

𝑉 =
32000𝜋/3

1 − 125/343
 

32000𝜋

3
⋅

343

218
 

5 488 000𝜋

327
 mmଷ. 

Therefore, 

𝑉୫ୟ୶ =
5.488 × 10଺𝜋

327
 mmଷ.  


